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). INTRODUCTION

The main object of this paper is to provide a description for smooth
:urves satisfying a number of conditions, based on the theory of b-splines
leveloped by C. DE BOOR ([1]). A condition may be for instance the occur-
rence of a given point on the curve, or, whether the curve is cyclic or
10t. The curves (pp-curves) are parametric curves: P=P(t) = (pl(t),...,
;dim(t)); each pi(t) is a piecewise polynomial function (pp-function).

The basic algorithms for'the calculation of pp-functions with the aid
>f b-splines are described in detail by C.J. RUSMAN ([71).

In the first chapters a concise description of the theory of pp—func-
:ions and b-splines is presented. The numerical aspects (e.g. the conditions
>f the b-matrices) are descerned, but not further elaborated (see [1], also
‘or references). Special attention is given to a uniform notation per knots,
latapoints, breakpoints etc. The theory as given in [1] for instance, lacks
his uniformity. This makes it difficult to apply results in a different
irea. A uniform notation forms a basis for uniform datastructuring in a
ollection of algorithms. The algorithms as presented in this paper all use
:he same knot and datapoint organisation.

Chapters 7 and 8 give some reasons why the b-representation of pp-func-
:ions (and pp-curves), i.e. the representation by means of b-splines, is
)referred to the pp-representation in most cases. If we want to plot a
p—function or pp-curve however, the work is easier done with the pp-repre-
sentation (Chapter 6). pp-curves are introduced in Chapter 9. These allow
‘or closed curves and so-called anti-cyclic continuations. The cyclic case
.s dealt with in Chapter 10. Special arrangements are made for anti-cyclic
:ontinuations (Chapter 11). For pp-functions methods are suggested to
idapt the functions to a new function value (local adaption, Chapter 8).
‘’hese methods can also be applied to pp—curves. The theory of B&ziér-curves
.s often used to produce curves of a desired shape; the curve is shaped by
hanging the vertices of the corresponding polygon (see [4]). The Béziér-
:urve is a special case of pp-curves, the vertices being nothing more than
‘he b-coefficients. So, the methods of local adaption in Chapter 8 give
1s a wider range of possibilities for producing smooth curves of a desired

shape.




Some subjects in this paper are only briefly mentioned or not mentioned
: all, but are worthwhile to be worked out or looked at:
local adaption for pp-curves
altering the knot-sequence in local adaption
different methods of anti-cyclic continuation (e.g. with a fixed slope)
different continuations (e.g. under a given angle).

The theory is described in close connection with the computer programs
r the plotting of the pp-functions and pp-curves. To give an impression of
\at such programs may look like, a complete computer program for the plot-
ng of pp-curves is presented in the appendix. Appendix B contains a
wly developed algorithm for dynamically adapting the stepsize to the
lrvature.

The computer programs were tested and the pictures were drawn at the
hematisch Centrum, Department of computer science, Amsterdam. I wish to
nk the MC for putting its computers and plot-devices at my disposal. I
o like to thank Paul ten Hagen, who introduced me to the subject, for his

d advices.




1. THEORY OF pp-FUNCTIONS

In this chapter the theory of pp-functions as giv
formulated, using a uniform notation for knots, datapo
The notation as developed here greatly simplifies form
as given in Chapters 2 and 3. The algorithms derived £
datastructures which reflect this uniform representati

various algorithms can be combined without any restruc

1.1. pp—functions

Let & = ‘U
et = = 5 j+1°

functions P(x): x +~H§,£l < x < £2+1, with the propert
k-1 (x-£3)J
j=0 3T

gicR,withgj<g 1<j<2.T

D P (x) =]

P =

c(i,j), c(i,j) € R, for E;i <

1 Pi'

ce

i
2) With every Ei’ 1 <i< 4%, is an integer Vis 0<wv

N = Uv.;

. . ,(G-1) _ _— .
if 2 > 0: Pi—l (Ei) = ¢c(i,j-1) for j = 1,...,\)i

constitutes a linear space P(k,%,N), with dimension k-
order, E the set of breakpoints and N the set of numbe
conditions of P(k,Z,N).

A member of P(k,Z,N) is called a pp-function (piecewis
A pp—function with v, 2 k=) for i = 2,...,% 1is a splin
A breakpoint g; with v, = k is a pseudo-breakpoint.
The pp-representation of a pp-function consists of k,

coefficients c(i,j), 1 = 1,...,2; §J = 0,...,k-1,

1.2. Divided differences

Let Ut, ¢ R, t, < t. ,. The k-th divided differe

a function g at ti""’ti+k is the coefficient of xk o
pk+l(x), the Znterpolating polynomial, of order k+1 (d

property:

is
ts.
ults
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ion).
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(m.) (mj)

3 _ - . e _ Coeosr ooy *
P4l (tj) g (tj), nﬁ max (j 11] tj tii’ i < i1 < i+k)

)

ivided differences are most easily computed recursively using the formulas

(k)
g (t))

[ti,...,ti+k]g =T s if ti = sl = ti+k

note that [ti]g = g(ti)), and

[ti+1,...,ti+k]g- [ti,-.-,ti+k_]]g

ti+k- ti

[ti,...,ti+k]g =

lse (see for a derivation [2], p.277-278). The divided differences up to

desired k are commonly arranged in a divided difference scheme.

.3. b-splines

Let T = Uti <R, t;<t;,, . The i-th b-spline of order k for knot—
equence T, Bi,k,T (Bi for short), is defined by:

k-1
Bik, 1 = (Cppg =ttty JE0 7, x e R,

ith (t—x)f_1 = (t—x)k_1 if x < t and O else. With the linear space P(k,Z,N)

n+k .
e associate a collection of knot-sequences, T(k,Z,N) = U igl ts, with

) t < ... < t, = g], t >t =g

2 2 .
ntk — °°° n+l 2+1
) For gl < gi < £2+1 there is a j so that §j= tj+1= cee = tj+k-vi—l= Ei;
E:ﬁiv%flthe multiplicity of tj""’tj+k—vi-1; we also say
? .U % t.. is a multiple knot if k-v. > 1.
ii=j ii i

) n = dim(P((k,E,N)).

d .
G——)r f(t) is often shortened to f(r)(t.), although it is actually
dt le=t. N

incorrect. J




We now are able to formulate the important theorem, which relates

JB o T € T(k,E,N), with P(k,=,N):
L

n
THEOREM. iyl (B ik, T [E,E )) T € T(k,E,N), constitutes a basis for
8 2+
P(k,Z,N). (Hence the name "b-spline”.) n = dim(P(k,E,N)), so <f we can
orove that Bil[51s52+1) e P(k,5,N), we only have to show that
31|[51’52+1)""’Bn'[51’€2+1) are linear independent.

1) B. € P(k,5,N).
1|[51’5z+1)
PROOF. From the divided difference scheme 1t is clear that there are numbers
- (m3)
ij € R so that [ti,... 1+k Z j (t ). So for B, we get:
itk -1- mj
= — - — 1 —_1 \J
B, (%) = (t;, -t.) le d. (t x) (k=1) !/ (k-1 mj)..

[his is a pp—function of order k with (not necessarily all) breakpoints

[

in £. By the definition of nﬁ and the construction of T we know that

n. < k-v.~1 if t. = £... From the fact that k-1-m. > k-1-k+v.+1 = v,., it
J b) J i3 N 1 7
follows that Bi has at least vj.continuous derivatives at Ejj’ so

Bi|[g1’£2+]) e P(k,5,N). ]

ii) Let the linear functional Ay be defined by:

k-1

_ _yk=1-r (k-1-1) (r)
}\if - rZO ( ]) lP (Ti)f (Ti)’
with Y(t) = (ti+1—t)...(ti+k_1—t)/(k—1)! and By <o < B
Then AiBj = 6ij (the Kronecker delta) (DE BOOR & FIX, 1973).
')ROOF.
k-1 _ Kol k-1-r, (k-1-1) r k-1-r
A (em0) = ) (=) P (1) (=1) oo (kmr) (=D (E-T)
r=0 ‘

*) with the convention (k-1)...(k) =

*)




k-1
DDt T o™ @)/ et 1 e )R
r=0

EDF N a-n e,

or Y is a polynomial of order k. So for (t—x)l_:"1 the following equation

olds:

A0 T = G aen e e

ince
m
a. ™ k-1 r k-1
@@ NERT =A@ o,
e have
j+k By
_ _ Ji‘ k-1
AiBy o= (b tj)rgj dr*i{(dt) (t=x) } eme
j+k m,
_ _ k=1, d _ 0
= (tJ-+k tj) Z dr(-1)" "(k Digp Q)(t T),) _
r=] t=t
r
_ o NS0 DN N
= (tj+k tj)( 1) (k 1).[tj,...,tj+k](¢(t)(t Ti)+).
tj,...,tj+k](w(t)(t—Ti)S) =0 if j # i; if j = i, w(t)(t—ri)a agrees with

- 7 _ o o k.
(x) (x ti)/(ti+k ti) at ti""'ti+k' The coefficient of xX is

(—l)k_l
(k—l)!(ti+k-ti)’

(£t DS =) 1 (-0)F]
*iBi = & DI, ) = I .

For T € T(k,Z,N) a pp~function P ¢ P(k,Z,N) can uniquely be written

n . .
H Zi=1 aiBi,k,Tl[€1,52+1)’ a; € R. A b-representation of P consists of k,
and n b-coeffz

If we know a priori that P ¢ P(k,%,N) then the n b-coefficients going

ients o, i=1,...,n.

ith a T € T(k,E,N) are for instance determined
) by giving n different function values (i.e., n different abscissae),

} by giving n, different function values and n-n, additional (continuation)

conditions.




1.4. Properties of b-splines

x1) Bi(x) =0 for x < ti or x > ti+k'
SROOF k-1 _ k-1
: . For x < ti we have (t—x)+ = (t-x) on [ti’ti+k] and Bi(x)
= (ti+k—ti)[ti,...,ti+k](t-x)k—] = 0. (The coefficient of x 1is 0.) For
- k-1 = - k-1
<>t (t x)+ = 0 on [ti’ti+k] and Bi(x)--(ti+k—ti)[ti,...,ti+k](t—x)+
= 0 again. Consequently, if tj <x <t , only B.
J

j+1 —k+l""’Bj are possibly

10n-zero on xX. []
’2) Zi Bi(x) = 1.

’ROOF. From bl) follows zi Bi(x) = Zi_ Bi(x) if tj <x <t

=j-k+1 j+1°
g ] k-1
B.(x) = ) ([t., ,e.e.,t.. J(t=-%)5
i=jok+1 i =ikt i+1’ >Ti+k +
_ k-1
[t., ety g JEx) )
_ k-1
[tj+],...,tj+k](t—x)+

_ k-1
[tj_k+],...,tj](t x)

I

I
o

]

O

sk ™% -ty
3) By g, r™® Tt o Bisn,k-1,7® Y = B k-1,1)-

itk i+l t

i+k-1

'ROOF. Let us look at the definition of divided difference. The interpolating

jolynomial Pp4q Can be written as

k+1 k+1
p,(x) + .22 (p; (x) - p;_, (X)) = 121 G T € L P P [
1= =

. i+k
:thg iirst term 1s [tl]g). So z;=i (X—ti)...(x~tr_l)[ti,...,tr]g-
+ .
, Z;=i (x—ts+1)...(x—ti+k)[ts,...,ti+k]h agrees with gh at ti""’ti+k and

quals O for r > s and x = ti""’ti+k' Therefore ZZrSs also agrees with

h at Eisevostsy and by the definition of divided difference




i+k

:i,...,ti+k]gh = rzi [ti,...,tr]g[tr,...,ti+k]h.
le use ‘ormula for (t—x)l_:_1 = (t-x)(t—x)E—z:
‘ ( -t [t t ](t—x)k—1
i,k,T 1+k i 127772 T 4k +
k-2 k-2
,i+k—ti)((ti—x)[ti,...,ti+k](t—x)+ Ly poeeenty f JEX) 0 )
k-2 k-2
(e X\[ti+1,...,ti+k](t—x)+ -'[ti,...,ti+k_]](t—x)+
. =C. - —X) —
1+k 1 1 ti+k ti
k-2
+ [ti+l""’ti+k](t_x)+ )
k-2 k-2
i+k-x)[ti+],...,ti+k](t-x)+ - (ti—x)[ti""’ti+k—1](t_x)+
... X X-t.
1+k i
e — B. _ (X) + — B. _ (X). g
+k ti+] 1+1,k-1,T ti+k—1 ti 1,k-1,T
It ear thathi,l,T(X) = 1 for ti < x < ti+1 and O else, so, as
conse s Bi,k,T > 0 for ti < x < ti+k'
.= o.
d 1 1i-1
4) —( (x)) = J(k=1) ———— B, _(x).
dx ,k,T ti+k—1 ti i,k-1,T
ROOF.
, _d Y = N k-1
- Bi,k —-EE([ti+],...,ti+k](t x)+ [ti,...,ti+k_]](t x)+ )
k-2 k-2
= —(k—l)([ti+l,...,ti+k](t—x)+ -[ti,...,ti+k_]](t-x)+
k-1 k-1
= B, . _ (x) - ———— B. _ (x). O
ti+k—l-ti 1,k-1,T ti+k ti+1 i+1,k-1,T




tion of b-co

P(k,Z,N) an
g] < Ti < T
PACTYSORY
stions that
calculate t
n?
]
he T,'S be p
e?
ar that the
n the first
operty bl) £
h]
(tp) = 1}
r=j-k
., we get t
T
(aj) = (P(t
If 1. £ ¢t.
i 1
n B.. = B.
1] 1,k
we also have
s only have
e dependent.
band-width 2
culation of
'bsplvx'): S
Ti) = 0 for
k,T(T')""’

1
;) = 0

ents

T(k,%,N). Fu
€l+1’ and P(

re:

oefficients
ned to make

m is not sol

rval.)

r,k,T(Ti)

quations nee
with (Bij) t
2t By
=0 for j 2
= 0 for 1 <
le non-zero

quently: ti

convenientl
t. < 1. < t
j i

, We can com

(Ti), keepin

ore, let datapoints Ty

=1,...,n, be given.

with T and P(Ti),
lculation possible in th

if we take for instance

.+ determine a,,...,0_. We
1 al
atrix of T and Ty
ot invertible. Let e.g.
TS i=1,...,n, is non
.and j 2 i, so the last
ts in the last n-i rows
ti+k' This makes (Bij)
ormed with property b3)
tarting with Bj,l,T(Ti)

G-tk 1,1 T B e

iind that Bj—k,k,T(Ti) =
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bivii T T4

e e (t,) = — B, . ... _(t.)
j=k+ii-1,k+1,T "1 (tj+11 T. ) (t T tj—k+ii) j-k+ii, k,T" i
. Ti T Sekeii- 5 )
(tj+ii—l_Ti)+-(Ti_tj-k+ii—l) j=k+ii-1,k,T i
drsg
= B. .. (t.)
drii+d2ii_k+1 Jj-k+ii,k,T 1
R = o t S o)
drii—l+d2k+2—ii j=k+ii-1,k,T 1
ith d2.. = 1. - t, .. ddr.. = t.,..-T., i1 = 1,...,k+1. Because (B..
& 33 7 TiT Syer-33 AR i3 j4ig " ta M 2T (13)

.8 totally positive (no proof), the system can be solved without pivoting.
We store the non-zero elements of (B ) in an nx(2k-1) matrlx Some-
:imes the same b-matrix is later on used for another (P(t. )) and instead
»f solving the system directly, we first perform an LU—decomposition on the
rondensed (Bij)’ which is saved (subroutine 'ludeco'). The theory on
natrix—computations is clearly presented in e.g. [3], ch.3. With this LU-

lecomposition the solution is easily obtained (subroutine 'solsys').

.6. Conversion b-representation <> pp-representation

If we want to plot a pp—function, i.e., to make a picture of it, we
wvaluate the function values of the pp-function at some points and draw
traight lines between them in a certain coordinate-system. It is easier
0 evaluate the function values starting from the pp-representation, so,

f we need many function values, as is usually the case with plotting, it
S better to switch over to the pp-representation.

Suppose we have the disposal of a b-representation, k, T and e,
.=1,...,n, of a pp—function. The Z corresponding with T is easily
btained. Note that c(i,j) = ( ) P. (E ) So the problem reduces to cal-
wulating the function and the derlvatlves up to k-1 at El""’gﬁ (subroutine
ppfppr). With property b4) we can recursively calculate all the b-coeffi-

:ients relevant for the function values of the k-1 derivatives at a certain




7ig. 1: pp-function of order 4 gh 10 datapoints




be s

i1
Llows :

. Lgt teft = gii # tleftel” A scratch-matrix s is constructed as fol-

D s(i,1) = O ofrk+i’ T = 1,...,k.

- S(”_l;J)'s(l’J) si= 1, k-1 1= 1,000,k
left+i left+i-(k-3)

D) s(i,j+1) = (k-j)

Clefesi” Fleftein(i=j)"

ft = tleft+i—(k—j)’ Bleft+i-(k—j),k—j,T was already 0 and s(i,j+1)

left+i
, s | \l
.s simply not calculated. With 'bsplvx Bleft—(k-j)+1,k—j,T(tleft)""’

) . <3 < k- i . - ici
left,k—J,T(tleftL 0 £ j < k-1, are determined. The pp-coefficients are
‘hen:
k=]
c(ii,j) = izl s(1,3+1)31eft+i_(k_j)’k_j’T(tleft), i=0,...,k-1.
.f on the other hand, we have the pp-representation of a pp-function P and

r'ant to have a b-representation, the work is done in three steps:

) aTe T(k,Z,N) is constructed. First we determine N, then we take k-\)i

subsequent members of T equal to gi.

: = .o i . < T, . < T. < t.,. ..
) We compute P(t) for t Ty» T with T < T and ts T, t1+k

) With T and P(TI),...,P(TH) the b-coefficients are fixed (see Chapter 5).
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2. B-REPRESENTATION

2.1. Advantages of the b-representation - cubic splines

We compute the pp-coefficients of the spline function P of order 4

(cubic spline), with breakpoints El,... and function values P(Ei)='pi,

Lot
i=1,...,2+1, only using the pp-representation and not a b-spline (or any
other) basis. For the 4x% unknowns c(i,j), i = 1,...,% J = 0,...,3, we

need as many equations:

1) e¢(i,0)

12 s i=1,...,0+1;

c(i,0), i=2,0..,2

2) P, ()

(1)
3) Pyl(E)

c(i, 1), 1= 200058 3

4) P(2) c(i,2), i=2,...,0 ;
i-16)
(3)

c(2,3) and Pl—l

5) P§3)(52) (€,) = c(%,3), making &, and £, pseudo-break-

points.

The system is reduced to a set of %2+1 equations with c(i,1), i = I,...,8+]

(

as unknowns (c(2+1,1) = Pll)(€2+l)); we can write Pi(x) as follows (see

property b3)):
P (x) = B(£) + g LELE TP + (8;) T84, 64,84, TP()

2
+ (X—Ei) (X—Ei+l)[gi’gi’gi+l’€i+1]P(X).

With c(i,1) = [Ei,ii]P(x) we have:

e(i,2) = PP (g

ztgi’gi’£i+1]P(X) - 2(€i+]—gi)[gi’gi’gi+l’gi+]]P(X)

2([€i’gi+l]P(X) = C(i,l) - Z(C(iyl) + C(i+l ’1)
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e(i,3) = 6(c(i,1) +c(i*l,1) - 20E,,&,, TP(x)/ (&, ,~E) 2)
c(i-1,2) + c(i-1,3) (§;-; ) - (1,2) = 0,
o for the equations of 4) we get
(=1, 1) (B;1=;) + 2¢(1, 1) (§y, =85 ) + c(i+1,1) (E4-E,_ )
= (G ELE 8 TPG0 + (6o DTELE L TPGO), 1= 20
‘or the two equations of 5) we get:
c(1,1)(E5-8,) + c(2,1) (£5-€))

= ((£2+2€3“3€])(53-51)[51,52]P(X)*‘(EZ-EI)Z[EZ,EBJP(X))/(EB—EI)
nd

e(1,1) (Eg, =Eg_ ) + (i1, 1) (E,=E, )

2
= (€£+1‘€2) [EQ_I,EQJP(X)4'(3€2+1‘52‘2€2_])(52—52_])'
ogether we have a system of %+]1 equations with a banded coefficient-matrix,
and-width 3, which can be solved without pivoting. c¢(i,2) and c(i,3),

= 1,...,%, can then be computed with (1) and (2) (subroutine 'cubspl').

Now for a derivation by means of b-splines. We take a knot-sequence:

ty S t, < ty < t, = gl,
ti = 51—2’ 1 = 5,00.,0+1,
g =t <t <t

T R T TVAL LY I 31

nd datapoints T; = Si, i=1,...,0+1. (Note that the first and last two
-intervals agree with one t-—interval.) After the determination of the
—coefficients, the b-representation can be converted to the pp-representa-

ion.
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Using pp-representations only, forces us to start with a reduction step,
reducing the.4X2 equations to %+1 equations. The reduction algorithm changes
with different order or continuation conditions and becomes more complicated
with increasing order. Using a b-spline basis the alterations of the algo-

rithm are simple and systematic and therefore allow parametrization.

2.2, Advantages of the b-representation - local adaption

Let P be a pp-function and a ¢ R, a # P(&), g] < g <E . Suppose we

2+1
want to change P into a new pp-function P' so that

al) P'(E) = a

and P' stays as close to P as possible.

We can interprete this in different ways. In case P is a (cubic) spline
function, constructed as described in the previous chapter, and £ is a break-
point Ej, we can compute the spline P' with P’(Ei) = p; for i # j and
P’(Ej) = a. Although in some sense the new spline stays as close to P as
possible (all but one P(Ei), i=1,...,2+1, remain the same) the adaption
is not local, because the whole spline, except at those & points, changes.
Moreover, the spline must be recomputed entirely.

To make the adaption local, function values at Ei's adjacent to Ej must
e 'released'. Now, suppose again we only have the pp-representation of a
cubic spline function. If we change the function value at Ej’ P'(Ej) = a,
it it not possible to keep the spline unchanged for x < 5j-1
ve get ten equations for the eight pp-coefficients of the two intervals

adjacent to gj:

*5-1 5 Ei+1
Pj_z(aj_1)=c(j—1,o) c(j,0) =a Pj(gj+]) = c(j+1,0)
BiL) ) = el | By 6 = e300 | B0 e, )= eGGen)
s =eG-uo) [ =cn [ B2, )= e,

P25 =e(i,2)
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[f we release gj—l or £j+l

roefficients of three intervals adjacent to Ei and if we release one more

we get thirteen equations for the twelve pp-

;i’ we finally get a solvable system of sixteen equations for sixteen

p—coefficients, for instance:

t5-3 £5-2 E5m & Ei1

Pj_é(Ej_3)= c(3-3,0) Pj_3(5j_2)= c(j-2,0) Pj_z(gj_1)= c(j-1,0)|c(j,0) =a Pj(g =c(j+1,0)
(1) o (1) o (1) . o m
Pj_4(€j_3)_c(3 391) Pj_B(Ej_z)"c(J 2',‘) Pj_z(gj_l)_c(J ]91) Pj—l(gj)_C(J’O) Pj (E

(2) (i (2) T (2) Y 1) gt (2) s
%_4Giﬁ)—cu LZ)P}GQjﬂ)"CQ LZ)P?Qqu)—CG hZ)Piq(%)-CU,D % Gjﬂ)-cm+h8

j+1)

je1) =G+

(2) (s
Pj‘l(gj) = C(J »2)

[here are three possibilities: the spline will change on (Ej_3,£j+]),

(gj_2,£j+2) or (Ej—l’gj+3)’ If we raise the order of the spline by one, the
ibove mentioned numbers will be: thirteen equations for ten unknowns,

seventeen for fifteen and twentyone for twenty, so we have to release an

axtra Ei' In general we have to change the spline on one of the intervals

)

(gj—k+i’€j+i)’ i=1,...,k-1, k the order, to keep the adaption local™’.

Je will make no attempt to solve the systems of equations. If we are working
vith a b-spline basis, everything will become much easier. Let k, T and s,

i=1,...,n, be a b-representation of the spline (of order k) and let t = Ej.

3y property bl) we know that Bi(tr) # 0 for i = r-k+1,...,r-1. Adding
Bj (ty)
vhich equals P for x < ts and x 2 t ik and has function value a at t.. So,

Bi(x), r-k+1 < i < r-1, to the spline, gives a new spline function,

>y using a b-representation of the pp-function the same adaption is achieved
in a far simpler way.

Although we can thus locally adapt a pp-function to a new function
7alue by changing one b-coefficient, the result may not be what we wanted.

[wo additional conditions make the adaption more acceptable:

12) max|P'-P| = a.
d

13) —(P'-P) = 0.
dx x=E

1)

If the function values and derivatives up to k-2 are all zero at the end-
points (which is the case for P'-P), we get the old, limited definition
of b-splines.
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‘ore, the following three options for adaption are suggested (sub-

e '1océdp'):

.s one of the underlying datapoints; the other datapoints are kept un-
inged. The pp-function must be recomputed and the adaption will not be
:al, in general. The same (LU-decomposition of the) b-matrix can be

id,

:i= min(jlé% Bj,k,T(g)t> 0) (k> 1).

(] < |58, ®],

ldx i

add to the pp-function

a-P(&) a-P(&)
5,0 -q8;_® "1™ "B ® -, ® @B, ®,
‘h
d
L NG)
d
L
e.:
a-P(&) a-P(&)
S @-a @ tm1 T B @ - g B
h
d
P ®
d

. result is a pp-function satisfying conditions al) and a3) (and

be a2)). Note that only one b-coefficient will change, if é%—Bi_l(£)= 0

&< 1+1
make use of property b2): ZJ ikt ] Bj(g) =]

+t-1 .
add: Zl i—k+1-s (a—P(E))BJ(x), s 20, t 20 (t =0 can be used in

e £ = t1)°
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!

a. option 1. b. option 2.
RN
*~ / K \'\
\ \
\ \ \
, \ VRN
/ e \ - —\
c. option 3: t=0, s=0. d. option 3: t=0, s=1.
,/ ’ -
e. option 3: t=1, s=1. f. option 3: t=1, s=2.

Fig. 2: different methods of local adaption.
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3. PARAMETRIC CURVES

3.1. pp-parametric curves

We are going to look at curves in a two dimensional space (d = 2). The
discussion is easily generalized to curves in spaces of higher dimension.
If P, and P, both are functions of the same parameter t, P = Pl(t) and
Py = pz(t), the curve P(pl,pz) = P(t) = (p](t),pz(t)) is called a parametric
2urve. An important difference with Zmplicit curves, P(p],pz) =0 (P an
algebraic expression in P, and pz), is the fact, that parametric curves can
aave multiple values, i.e., P(ti) = P(tj), ts # tj’ whereas implicit curves
can not (see Fig. 5).

Sometimes it is possible to parametrize an implicit cuve. Moreover,

for the plotting of an ellipse the parametric form is better suited:

P(t) = (a cos 2mt, b sin 27t), 0<t«<1.

Che points P(ti) with t, = %, i=20,...,n-i, are nicely distributed over
he ellipse. We use the parametric form of ellipses in subroutine 'plotkn'
for plotting the knot-markers of pp-parametric curves.

A pp-parametric curve, or pp—curve for short, P is a parametric curve
7ith both P, and P, members of the same linear space of pp-functions
P(k,Z,N) and P(t) = (p](t),pz(t)).

The pp-representation of a pp-curve of dimension d consists of k, =
ind a set of pp-coefficients c¢(m,i,j), m= 1,...,d; i = 1,...,%; j=0,...,k-1.

) toN, NN =Nu v

Ve might add a number vy (or Vorl 1> S° that
pUTD (e, ) = (c(1,1,5-1),c(2,1,5-1))
2] QI+] 9 3 3 3 3
or j = l,...,v, (if v, > 0), with

1 1

G- gy o (p(G-D (G-1)
p37@ = 7@, @)

'he collection of pp—curves with dimension d, order k, breakpoints E and
wmbers of continution conditions N' is denoted by P(d,k,E,N+).

P(d,k,E,N) = ZP(d,k,E,N+) -0 Members of'P(d,k,E,N+) are said to be cyclic
v >0, i=1,...,8 ey




a. datapoints chord-distant (ndist=1)

b. knots equidistant (ndist=2).

"ig. 3: cyclic pp-curve of order 4
(the knots are indicated by o, the datapoints by +).
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}.2. The b-representation of cyclic pp-curves

Our aim is to construct a cyclic pp-curve through n-k+1 points
, . . _ .
(Tl),P(Tz),...,P(Tn_k+l), with T; < Tipq» using the theory of b-splines
re have dealt with so far (subroutine 'ppcinc'). The datapoints TS

.= 1,...,n-k+1 and the knots ti’ i=1,...,ntk, are not fixed for the
)resent.

. . . . +
A datapoint T, is placed in the last &-interval where Bi + #0 (T

’k’T
.s defined below):

E. <1 < §

j j+1’ Bi,k,T+(Ti) # 0

nd

Bik,m+(j41 %) =0, &> 0.
'he format of the file, from which the points are read, is kept simple;

‘hree kinds of points are distinguished:

)

code 0 points: points that are datapoints and not knots™
code 1 points: points that are only knots (floating knots)

code 2 points: points that are datapoints and at the same time knots.

m input file may look like:

2 pl(Tl) pz(rl) knot & datapoint

0 p](Tz) pz(Tz) datapoint

1 knot

0 pl(TB) p2(13) datapoint

2 pl(T4) pz(T4) knot & datapoint

3 dtl dt2 anti-cyclic continuation (see next chapter)
2 pl(TS) pZ(TS) knot & datapoint

4 skip interval while plotting

2 pl(T6) p2(16) knot & datapoint

5 end of input.

) We use the word knot (datapoint) for ti(Ti), but also for P(ti)(P(Ti)).
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a. Without multiple knots b. With two double knots

Fig. 4: Cyclic pp-curve (order 4, ndist=1) with multiple knots
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1. Cyclic

b. Non-cyclic

"ig. 5: pp-curve (order 4, ndist=2) with a triple datapoint.




he following rules must be obeyed:

cl) thé first point (item) must be a knot

¢2) the last point must be equal to the first

c3) an anti-cyclic continuation must follow a datapoint

c4) a skip must follow a knot

c5) a knot (code 1) must be followed by a datapoint (code 0).

fhe data are digested according to the following:

) Two options for the distances between knots and datapoints are considered:

a) The breakpoints are equidistant: & - Ei =c, 1=1,...,%.

i+1
Datapoints of code 1 are equally spaced between the breakpoints.
b) The datapoints are chgrd—dwtant: Tie1™ T3 =2“11’(Ti+1)-P(Ti)" =
= - - 2
= (P (ry ) =2 ()" + (y () =Py (1,007 2.

Floating knots are placed halfway the two adjacent datapoints.

[f the datapoints are chord-distant, an additional restriction is imposed

ipon the inputfile:

c6) If the chord-distant option holds, two consecutive datapoints must not

be equal.

) The multiplicity of a knot is equal to the number of preceding points of
code 0 and 2 counting backwards as far as the first encountered point of
code 1 or 2 inclusive.

The first knot has multiplicity 1.
So, in the above example we get knots of multiplicity 1,2,1,1 and 1.

The first knot is tk (tk = 0), the last tn . The first datapoint is T

+1 1°

}) The extension of the knot-sequence tl,...,tk_1 and tn+2"'°’tn+k’ is
fixed by:
a) ti = tk - (tn+1_tn+1—k+i)’ 1 = ],a--,k“l.
b) tn+1+i =t n+1'F(tk+i"tk)’ i=1,...,k-1.

The knot-sequence tl""’t is denoted by T+.

n+k

The b-coefficients a 4o M= lyeeeyd; 1= 1,...,n, can now be
3
letermined:

. For each co-ordinate we have k-1 cyclic conditions:

o .=0_ ., 1 <m<d, i1=1,...,k-1.
m,n-k+1+i m,1i’ ? > ?




A | v
\
| ;’
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a. order 3
‘ l/
| 1 P
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B G +
[
‘k‘ 1
1
{ &T
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c. order 5
¥ 4
+ - + —
4
- Ry

e. order 7

Fig. 6: Cyclic pp-curve (ndist=1)

order 6

order 8
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2. For o 4> W= l,...,d; i =1,...,n-k+1, we have d systems of n-k+1 eq

b

tions:
k]

a B +(1.) =p (1.)

r=j-k+1 m,r r,k,T 1 m i

(provided that tj < T, < tj), m=1,...,d; 1 =1,...,n-k+1.

As a consequence of the cylic conditions the numbers Br Kk T+(Ti) wi
3 2
not be situated anymore within the band of the b-matrix with band-width

2k-1, if r > n-k+1. We have: Bi' = ), if 1 £ j £ k-1. On

j Bn—k+l+j,k,T+(Ti
the last k-1 rows may have non-zero elements in the first column.
Two ways of solving the systems are considered:

a. Without pivoting (subroutines '"ludecy' and 'solsyc').

The first n-2k+2 rows are condensed into a (n-2k+2) x (2k-1) matrix, t

last k-1 rows are stored in a (k-1) x (n-k+1) matrix.
b. With complete pivoting (subroutines 'ludecp' and 'solscp').

The permutation which must be performed on the input (pm(Tl),...,pm(T

is kept in the O-th column. The permutation which must be performed o

the output (am ) is kept in the O-th row.

,12°°°% n-k+1
In some cases it is possible (not guaranteed) to solve the systems
without pivoting, for instance, if all datapoints are knots and the orde
is not too high.
Good results, i.e., pp—curves that are nicely smooth, are obtained
with order 4, simple knots and datapoints chord-distant (see figures).
The same method can be used to produce non-cyclic pp-curves. This i
done by reducing the multiplicity of the multiple knot at £2 by [k/2]-1

that of the multiple knot at & by k-[k/2]-1. However, there are some

2+1

limitations:

1. the first and the last read point must be code 2 points

2. the multiplicity of the multiple knot at ££+1 must be k-[k/2]

3. the multiplicity of the multiple knot at 52 must be at least [k/2]

4, the multiplicity of the multiple at 52,...,52 must not exceed k-[k/2]
(after reducing).

It is not necessary anymore that the first and the last point are equal.

The extension of the knot-sequence can be taken arbitrary.
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The different methods of local adaption as dealt with in Chapter 8 can also
be applied to pp-parametric curves. If a point (pl,pz) on the curve is
shifted, a procedure must be yielded, which finds the underlying (or one of

th derlyi < < .
e underlying) EEpSE <,

Fig. 7: Cyclic pp-curve (order 4) through eight points equidistant on

a circle.

3.3. Anti-cyclic continuation

A parametric curve P has an anti-cyclic continuation at &, if

tim PV (x) = - 1im PP (),
xVE x4+ E

i.e.,

lim pél)(x) - 1lim pé])(x), m=1,...,d.

xVE xtE
As to pp-curves there are several ways to impose an anti-cyclic continuation
ipon the curve. One way is to give anti-cyclic boundary conditions (see
-41, p.127). A drawback of this method is, that only one anti-cyclic con-

tinuation can be effectuated.




Using the (a) b-representation we can construct an anti-cyclic contin-

1ation ‘at a breakpoint gii as follows: Let ti be the (multiple)

i=j-k+vii+l

two additional knots are inserted,
a and tb say, with ta—tj = dtl, tb—ta = dt2 and tj+1—b = tj+L_tj
(dt1,dt2 2 0). If dtl = 0, then dt2 # 0. Consequently, two extra b-coeffi-

tnot going with gii' Between tj and tj+1

:ients (for each co-ordinate) are to be determined.

A /
S 7
. . yd —/
% ‘\ |
& ! /"’
L |
1. (2,0)-anti-cyclic b. (0,2)-anti-cyclic
pd yi
o et A - g
/
¢ - | ] e
" / L\
\ /// /v"{/
~ e | S
:» (1,1)-anti-cyclic . d. (1000,0)-anti-cyclic

'ig. 8: Cyclic pp—curve (order 4, ndist=1) with an anti-cyclic continuation

(anti-clockwise)




'he anti-cyclic continuation is effectuated by the two conditions:
) B(t) = P(tj)
) P(l)(tb) + P(l)(tj) -0

\fter the calculation of the pp-curve the one or two intervals between t

mmd tb are omitted.

We use property b4) to write the second equation as a linear combin.

:ion of b-coefficients:

NOF d(z . ) - 1,GeD) “m,i %m, i-1,
m j dx‘fi “m, 1 ik l t. -t. i,k-1
i+k-1 "1

jince B. i k- 1( .) =0 for i < j-k+2 or i > j-1, we have:

i-1 o_ .-o_ .
(1) J m,i m,i-1
p (t.)=(k-1) ) —=——2""B. . (t.)
m J i=j=-k+2 k-1 ti Lk=177]

“m j—l_am j=2
. N G- L — 2 B.
j-k+2,k-1""] tj+k—2 tj—l j-1,1

_ (k_l)(“m,j—k+2"°‘m,j—k+1
tj+l_tj—k+2

= kD) Wy 0%, okt 1TVt 2%m, §-kr2 -kt 3%, ke 2”

+ Wj_k+3(xm’j_k+3_- ° -'—Wj_lam,k_2+wj_]um’j_l) ]

rith

0, we get

M ey = @1 (w, sz (W, , Do
j- ~k+2%m J—k+l i=i=k+2 i+1] m i j-1"m,
'
j-1
(D e A 1% 1
i=j-k+1
rith
w. = 0.
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JIX

2 programs are written in C, an Algol/Pascal-like programming language
veloped by DENNIS RITCHIE at the Bell Laboratories, New Jersey. See

r a description [5].

ne subroutines form part of the interface CILP with the graphical

1guage ILP: 'pict', 'with', 'mdcontrol', 'draw', 'ward', 'scale',

adpict',

2 pictures are drawn on a high-resolution display (HRD).

33

'newpel' and 'line'. ILP is described in [6].

2 contents of the appendix is enumerated a) - h) as follows:

astpr3l.c’

th the subroutines

'ppcine’
'ppfint’
'ludeco’
'solsys'
'"bsplvx'
"ludecp'
'solscp’
'ppeppr!
'ppfppr’
'plotpce’
'plotdp’
'plotkn’
'axes2d'
»routine
>routine
>routine
>routine
»routine
>routine

»routine

pp-curve interpolation with complete pivoting in the cyclic case.
pp—function interpolation

LU-decomposition of banded b-matrix without pivoting

solution of system of equations without pivoting

b-spline values at x

LU-decomposition of b-matrix with complete pivoting

solution of system of equations with complete pivoting
conversion of b-representation of Ppp-curve to pp-representation
conversion of b-representation of pp-function to pp-representatio
plotting pp-curve

plotting datapoint-markers of pp-curve

plotting knot-markers of pp-curve

axes 2-dimensional.

"plotpf' plotting pp-function

"cubspl' cubic spline interpolation

'locadp' local adaption of pp-function

'ludecy' LU-decomposition cyclic without pivoting

"solsyc' solution of system of equations cyclic without pivoting
'valuex' value of (derivative of) pp-function at x

'interv' left endpoint of interval containing x.
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APPENDIX A

1

2 f#include <cilp.h>
3 #include <math.h>

#include <stdio.h>
f#define MAXP 30
fdefine K 4
#define KP 5
f#define KPKM1P 8
#define DIMP 3
#define DIM2P 5
double sqrt();
double sin();
double cos();

FILE *fd, *fopen();

WOV T W W N OY T

main()
/* calls ppcinc ppcppr plotpe plotkn plotdp axes2d */
/* computes and plots pp-curves */

~ N W N WY W e

{ double p[MAXP][DIMP], q[MAXP][MAXP], ql [MAXP] [KPKM1P];

double bcoefp[DIMP][MAXP], t[MAXP], tau[MAXP];

double coefp[DIMP][MAXP][KP], breakp[MAXP];

double rscale[DIMP], origin[DIMP], pb[MAXP];

int dia;

int k, 1, n, dim, cyc, ndist, plotc, numberstep;

fd = fopen("out”, "w");

scanf(" %Zf Zf", &rscale[l], &rscale[2]);
3 scanf(" %Zd", &dia);
J k = K;
) dim = DIMP - 1;
scanf("%d %d %Zd %d", &cyc, &ndist, &plotc, &numberstep);
ppcinc(dim, cye, ndist, k, &n, p, q, ql, bcoefp, t, tau, pb);
ppcppr(dim, bcoefp, t, n, k, coefp, breakp, &1);
if (plotc == 1)
{ pict(2, "pp-curve");

with(); scale(rscale[l], rscale[2]);

if (dia == 1)

{ mdcontrol("HRD:diazo");

mdcontrol( "HRD:feed");
mdcontrol("HRD:title: #pp—curve#");
}
draw();

plotpc(plotc, numberstep, dim, k, 1, coefp, breakp, pb);
if (plotc == 1)
{ plotkn(rscale, breakp, coefp, 1, cyc, pb);
plotdp(rscale, p, n, cyc);
axes2d(rscale, origin, 20);
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ward();
“endpict();

ppcinc(dim, cyc, ndist, k, n, p, q, ql, bcoefp, t, tau, pb)
calls ppfint, ludecp/ludepp and solscp/solspp */
reads points, continuation conditions and plot—instructions
from an inputfile and calculates the b-coefficients of the
pp—curve through the points, according to the given order,
knot-distance option and cyc option.
see for the format of the inputfile and the restrictions
imposed on it, the following paper: “the b-representation of
piecewise polynomial parametric curves and local adaption”, ch. 3.2.
input : dim : dimension.
cye : cyclic (cye = 1) or not cyclic (cyc = 2).
ndist : tau is chord-distant (ndist = 1) or t is
equidistant (ndist = 2).
k : order.
output : n : number of b-coefficients.
p[i]1[0] : pointcodes.
p[i][1],...,p[i][dim] : datapoints as read from file.
t : knotsequence.
tau : abscissae of the datapoints.
q : b-matrix, (n-k+l) x (n-k+1); used in case cyec = 1.
ql : condensed b-matrix, n x (2k-1); used in case cye = 2.
bcoefp : matrix of b-coefficients, dim x n.

dim, cyc, ndist, *n, k;
ble p[MAXP][DIMP], q[MAXP][MAXP], ql[MAXP][KPKM1P];
ble bcoefp[DIMP][MAXP], t[MAXP], tau[MAXP], pb[MAXP];
ouble sumsq, dist, bcoef[MAXP], gtau[MAXP], tauii, dt;
nt mult, ii, jj, i, j, m, nmkpl, mm, left, km2div2, tt;
m : current pointcode;

m = 0 : datapoint, not a knot.

1 floating knot (only if ndist = 2).
2 : datapoint & knot.
3 anti-cyclic continuation.
mn = 0 : last read knot was datapoint
mn = 1 : last read knot was floating

B BB
1l

or (i 1; i < MAXP; ++i)
or (j=1; j < MAXP; ++j)
[i][3] = 0.0;

umsq = 0.0;

ist = 0.0;

ult = 1;

i=0;

_k.

b[(tt = 1)] = -1.0;
canf("%2d", &m);
|

£ (m == [l m == 2)
t[k] = 0.0;
if (m == 2
{ for (j =1, Hii ; j <= dim; +j)
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scanf("%f", &p[l][3i]);
p[1][0] = m;
tau[l] = t[k];
mm = O;
}
else
mm = 1;
+i;
}
else
{ fprintf(£fd, "\nwrong data(l)\n");
return(l);
}

scanf("%d", &m);
while (m <= 3)
{ if ( m == 3)
{ for (j=1; j <= 2; ++3J)
{ ++ii;
scanf(" %Zf ", &dt);
tau[ii] = t[i] = t[i-1] + dt;

if (t[i] > t[i-1]) pb[tt+H+] = t[i-1];

+i;
}
p[ii-1][0] = 3.0;
p[ii][O0] = 2.0;
for (jj = 1; jj <= dim; +jj)
{ p[1i-1][]3] = 0.0;
plii]1[3]3] = p[ii-2][]]];

mm = 0;
mult =
}
else if (m != 1)
{ for ( =1, +ii ; j <= dim; ++j)
{ scanf("%f", &p[ii][]]);
if (ndist == 1)

1;

sumsq += (p[ii][j]-p[ii-1][3]1) * (p[:

p[ii][0] = m;
if (ndist == 1)
dist += sqrt(sumsq);
sumsq = 0.0;
}
if (m == 0)
/* datapoint, not a knot */
{ if (ndist == 1)
tau[ii] = t[i-1] + dist;
+Hmult;
}
else if (m == 1)
/* floating knot */
{ if ((mult == 1 & mm == 1) || ndist ==
{ fprintf(fd, "\nwrong data(2)\n");
return(l);

}

dist = 1.0 / mult;

-pl41-11(3]);
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tau[ii-mult+2] = t[i-1] + dist;

t[i] = t[i-1] + 1.0;

+i;

for ( j = 3; j <= mult; +j, +Hi)

{ tau[ii-mult+j] = tau[ii-mult+j-1] +
t[i] = t[i-1];

if (mm == 0 && mult > 1)
{ t[i] = t[i-1];

1;

}
else if (m == 2)
/* knot & datapoint */
{ if (ndist == 1)
{ tau[ii] = t[i] = t[i-1] + dist;
+i;
dist = 0.0;
}
else
{ if (mult == 1 & mm == 1)
{ fprintf(fd, "\nwrong data(3)\n");
return(l);

dist = 1.0 / mult;
t[i] = t[i-1] + 1.0;
tau[ii-mult+l] = t[i-1] + dist;
+i;
for (j = 2; j <= mult; +j)
tau[ii-mult+j] = tau[ii-mult+j-1] + 4
}
for (j = 3; j <= mult; ++j, ++i)
t[i] = t[i-1];
if (m == 0 && mult > 1)
{ t[i] = t[i-1];
+Hi;
}
mult =
mm = O

1;

}
scanf("%Zd", &m);

}

if (t[i-1] < tau[ii])

{ fprintf(fd, "\nwrong data(4)\n");
return(l);

n =i - 2; :
/* printing of the points after digesting */
for (j=1; j <= *n + k; + j)
{ fprintf(fd, "%f %Zf ", t[j], tau[i]);
for (m = 0; m <= dim; +m)
fprintf(fd, "Zf ", p[jl[m]);
fprintf(£fd, "\n");




fprintf(£fd, "\n");
if (cyc == 2)
{ km2div2 = (k - 2) / 2;
if (t[i-1] > tau[ii]) ——%*n;
if (t[k+l] < t[k+l+km2div2] || t[*n+l-km2div2]
{ fprintf(£fd, "\nwrong data(5)\n"); return(l);
for (1 = 1; 1 <= *%n -k - k + 3; ++i)
t[itk] = t[itk+km2div2];

}
if (*n < 2 * k)
{ fprintf(£fd, "\nwrong data(6)\n");
return(l); ‘
}
/* extension t */
for (i = 1; i < k; ++i)
{ t[i] = t[k] = (t[*n+l] - t[*n+l-k+i]);
t[*ntl+i] = t[*n+l] + (t[k+i] - t[k]);
}
/* printing of the points after extension t */
for (i = 1; i <= *n + k; + i)
{ fprintf(£fd, "%Zf %f ", t[i], tau[i]);
for (j = 0; j <= dim; ++j)
fprintf(£fd, "%2f ", p[i][]]);
fprintf(£fd, "\n");
} .
fprintf(£fd, "\n");
if (cyec == 2)
for (j = 1; j <= dim; ++j)
{ for ( i 1; i <= *pt+l; ++i)
gtau[i] = p[i][]];
if (ppfint(tau, gtau, t, *n, k, ql, bcoefp[j])
return(2);

oo

else
{ nmkpl = *n - k + 1;
/* £fill matrix */
left = k;
for (ii = 1; ii <= nmkpl; ++ii)
{ if (p[ii][0] != 3.0)
tauii = tau[ii];
for (; tauii >= t[left+l]; ++left);
bsplvx(t, k, 1, tauii, left, bcoef);
for (i = left —k + 1, j=1; j <= k; ++i,
{ if (i > nmkpl) i -= nmkpl;
q[ii][i] += bcoef[]];

}

else )
for (j=1; j <= 2; +3)
{ bcoef[0] = bcoef[k-1] = 0.0;
bsplvx(t, k-1, 1, tauii, left, bcoef);
for (i = left =k + 2, jj=1; jj <=k -1;
{ becoef[jj] /= (t[i+k-1] - t[i]);
if (i > nmkpl + 1) i —-= nmkpl;
q[ii][i-1] == (bcoef[jj-1] - bcoef[jj]) *
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}

if (3 ==1)

{ if (t[left] < tauii) left += 3;
else if (t[left] == t[left-1]) ++left;
else left += 2;
tauii = t[left];

}

}

}
/* printing of the b-matrix before lu-decomposition */
for (j = 0; j <= nmkpl;)
{ for (i = 0; i <= nmkpl; ++i)

{ for (ii = j; ii <= j + 5 && ii <= nmkpl; ++ii)
fprintf(fd, " %£", q[i][ii]);
fprintf(£d, "\n");

}
fprintf(£fd, "\n");
j+=6;

}
m = ludecp(q, nmkpl);
/* printing of the b-matrix after lu-decomposition */
for (j = 0; j <= nmkpl;)
{ for (i = 0; i <= nmkpl; ++i)
{ for (ii = j; ii <= j + 5 && ii <= nmkpl; ++ii)
fprintf(£fd, " Z%f", q[i][ii]);
fprintf(£d, "\n");

}
fprintf(£fd, "\n");
j+= 6;
}
if (m == 2)
{ fprintf(fd, "\nb-matrix in ppcinc not invertible\n");
return(2);
}
for (j=1; j <= dim; ++j)
{ for (i =1; i <= nmkpl; ++i)
beoef[i] = p[i][]];
solscp(q, nmkpl, bcoef);
for (i = 1; i <= nmkpl; ++i)
{ bcoefp[j][i] = beoef[il;
if (i < k)
bcoefp[ j] [nmkpl+i] = bcoef[i];
}
}
return(0);
}

int ppfint(tau, gtau, t, n, k, q, bcoef)

/* calls bsplvx solsys ludeco */

/* calculates the n b-coefficients (bcoef) of a pp-function with:
* knotsequence t,

* datapoints (tau[i], gtau[i]), i=l,...,n.

* order k.

* q is the condensed b-matrix (n x (2k-1)).
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double tau[MAXP], gtau[MAXP];

double t[MAXP], q[MAXP][KPKMIP], bcoef [MAXP];

int n, k;

{ int i, npl, dilplmx, j, jj, kml, left;
double taui;

npl = ntl;
kml = k-1;
left = k;

for (i = 1; i <= n; +H i)
for (j = 1; j <= ktkml; ++j)
q[i][3j] = 0.0;
for (i = 1; i <= n; ++i)
{ taui = tau[i]; ‘
ilplmx = ((i + k) < npl) ? (i + k) : npl;
left = (left > i) ? left : i;
if (taui < t[left])
{ fprintf(fd, "b-matrix in ppfint not invertible (1)\n");
return(2);

do
{ if (taui < t[left + 1]) break;
else Hleft;
}
while (left < ilplmx);
if (left >= ilplmx)
{ —-left;
if (taui > t[left+l])
{ fprintf(fd, "b-matrix in ppfint not invertible (2)\n");
return(2);
}
}
bsplvx(t, k, 1, taui, left, bcoef);
for (j = left-i+l, jj = 1; jj <= k; +j, +ij)
} q[i][J] = bcoef[jjl;
if (ludeco(q, k, n) == 2)
{ fprintf(£fd, "b-matrix in ppfint not invertible (3)\n");
return(2);

}
for (i = 1; i <= n; ++i)
bcoef[i] = gtau [i];

solsys(q, k, n, bcoef);
return(l);

}

int ludeco(q, k, n)

/* lu-decomposition of banded n x n matrix, bandwidth 2k-1,
* without pivoting; the band is stored in q (n x (2k-1)).
*/

double q[MAXP][KPKM1P];

int k, n;

{ int 1, nr, i, j, jj, kml, ipl;

double qik;

kml = k-1;

for (i = 1; i <= n; ++i)
{1=k;
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ipl = i+l;
‘ar = ((nr = i+kml) <= n) ? ar : nj
if ((qik = q[i][k]) == 0) return(2);
for (j = ipl; j <= nr; +j)
{1-=1;
if (q[j1[1] != 0.0)
{ q[31[1] /= qik;
for (jj = 1; jj <= kml; +jj)
q[31[1+33] -= q[31[1] * q[i][k+3jl;

}
}
return(l);

}

solsys(q, k, n, bcoef)

/* solves a system of equations;

* to be used with ludeco;

* the right-values are expected in bcoef, the solution
* is put back in bcoef.

*/
double q[MAXP][KPKM1P], bcoef[MAXP];
int k, n;
{ int 1, i, j, kml, kpl, kpkml;
kml = k-1;
kpl = kt+l;

kpkml = k+kml;
/* forward step */
for (i = 2; i <= n; ++Hi)
{1=(k>1i)? (k-itl) : 1;
for (j = 1; j <= kml; ++j)
bcoef[i] —= q[i][j] * bcoef[j-k+i];
}
/* backward step */
for (i = n; 1 >=1; —--i)
{1=(n-1< k)? (n-i+k) : kpkml;
for (j = 1; j >= kpl; ——3)
if (q[i][3j] != 0.0)
bcoef[i] —= q[i][j] * becoef[it+j-k];
} becoef [i] /= q[i][k];
}

bsplvx(t, jhigh, indexx, x, left, biatx)

/* calculates the values of all possibly non-zero b-splines

%

at x of order

jhigh, if index =1,

max( jhigh, j+1), if index = 2.
further input: t, the knot sequence; left, an integer,
such that t[left] <= x < t[left+l].
if index = 1, the calculation starts from the beginning
(i.e. with order = 1);

The value of j and the auxiliary arrays deltal and
deltar are therefore saved.
output: biatx[i], 1 <= i <= order, with

% % ¥ % ¥ b ¥ % * *

if index = 2, the calculation continues where it left of.




* biatx[i] = b[left-order+i][order](x).
*/. '
double t[MAXP], x, biatx[KP];
int jhigh, indexx, left;
{ static double deltal[20], deltar[20];
static int j;
int i, jpl;
double saved, term;

if (indexx == 1)
{i=1;
biatx[1l] = 1;
}
if ((indexx == 1 && j < jhigh) || indexx == 2)
do
{ jpl = 3+ 1;
deltar[j] = t[left+j] - x;

deltal[j] = x — t[left+l-3j];

saved = 0.0;

for (i = 1; i <= j; ++i)

{ term = biatx[i] / (deltar[i] + deltal[jpl-i]);
biatx[i] = saved + deltar[i] * term;
saved = deltal[jpl-i] * term;

}
biatx[ jpl] = saved;
j = jrl;

} .
while (j < jhigh);
}

int ludecp(q, n)

/* lu-decomposition with complete pivoting of an n x n ma
* the permutation to be performed on the input (output)
* is kept in the O-th column (row).

*/

double q[MAXP][MAXP];

int nj;

{ int i, j, pc, pr, ii, ipl;

double pivot, hulp, abspiv, absq;
q[1][0] = q[O0][1] = 1.0;
for (i = 2; i <= n; ++i)
q[i][0] = q[O0][1i] = q[O][i-1] + 1.0;
for (i = 1; i <= n; ++i)
{ ipl =i + 1
pivot = q[i}[i];
abspiv = (pivot > 0.0)? pivot : -pivot;
pPr = pc = i;
for (ii = i; ii <= n; +ii)
for (j = i; j <= n; +t+j)
{ absq = (q[ii][j] > 0.0)? q[ii][3] : -q[ii][]];
if (absq > abspiv)
{ pc = 3;
pr = ii;
pivot = q[ii][]];
abspiv = (pivot > 0.0)? pivot : -pivot;
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if (pivot == 0.0) return(2);

Jif (pe = i)
for (j = 0; j <= n; +j)
{ hulp = q[j][i];

q[31[1i] = q[3llpc];
q[jllpc] = hulp;

if (pr != 1)

for (j = 0; j <= n; +3j)

{ hulp = q[i][]];
q[i][3] = qlpr]l[3l;
q[pr][j] = hulp;

for (j = ipl; j <= n; +3j)

if (q[3jl[i] !'= 0.0)

{ q[j1[i] /= pivot;
for (ii = ipl; ii <= n; ++ii)
q(jl1[ii] == q[31[1i] * q[i][dii];

} -
return(l);

}

solscp(q, n, bcoef)
/* solves a system of equations;
* to be used with ludecp;
* the right-values are expected in bcoef, the solution
* is put in bcoef again.
*/
double q[MAXP][MAXP], bcoef[MAXP];
int nj;
{ int 1, j;
double hulp[MAXP];
for (i = 1; i <= n; ++i)
hulp[i] = bcoef[(int) q[i][0]];
for (i = 1; i <= n; ++i)
bcoef[i] = hulp[i];
for (i = 2; i <= n; ++i)
for (3 =1; j < i; +j)
if (q[i][]] != 0.0)
becoef[i] —= q[i][j] * bcoef[]];
for (i = n; i >=1; --1i)
{ for (j =n; 3> i; -=3J)
if (q[i][3] != 0.0)
becoef[i] —= q[i][j] * bcoef[]];
bcoef[i] /= q[i]l[i];

for (i = 1; i <= n; ++i)
hulp[(int) q[O0][i]] = bcoef[i];
for (i = 1; i <= n; ++i)
bcoef[i] = hulp[i];

}

ppcppr(dim, bcoefp, t, n, k, coefp, breakp, 1)
/* calls ppfppr */
/* computes the pp-representation of a pp—curve starting




b-representation.
input : dim : dimension.
bcoefp : b-coefficients
t : knotsequence.
n : number of b-coefficients.
k : the order.
output : coefp : pp-coefficients (dim x 1
breakp : sequence of breakpoints.
1 : number of intervals.

n, k, *1, dim;
ble t[MAXP], coefp[DIMP][MAXP][KP], breakp
ble bcoefp[DIMP][MAXP];
nt i; ,
or (i = 1; i <= dim; ++i)
pfppr(t, bcoefp[i], n, k, breakp, coefp[i]

ppr(t, bcoef, n, k, breakp, coef, 1)
calls bsplvx */
computes the pp-representation of a pp—fun
from a b-representation;
input : t : knotsequence.
bcoef : b-coefficients.
k : the order.
n : number of b-coefficients.
output : breakp : sequence of breakpoints.
coef : the pp-coefficients.
1 : number of intervals.

n, k, *1;

ble t[MAXP], bcoef[MAXP], breakp[MAXP], co
ouble scrtch[KP][KP], diff, sum, biatx[KP]
nt left, lsofar, i, j, kmj, jpl;

sofar = O;

reakp[l] = t[k];

or (left k; left <= n; +tleft)

E (t[left+l] > t[left])

lsofar += 1;

breakp[lsofar+l] = t[left+l];

if (k == 1)

coef[lsofar][1] = bcoef[left];

else

{ for (i = 1; i <= k; ++i)
scrtch[i][1] = becoef[left-k+i];
for (jpl = 2; jpl <= k; ++jpl)
{ 3= 3p1 -1;

kmj = k - 3

for (i = 1; i <= kmj; ++i)

{ diff = t[left+i] - t[left+i-kmj];
if (diff > 0.0)
sertch[i][jpl]=((scrtch[i+l][j]-scr

}

}
bsplvx(t, 1, 1, t[left], left, biatx);
coef[lsofar][k] = scrtch[1l][k];

mj;




for (jpl = 2; jpl <= k; ++jpl)
{ bsplvx(t, jpl, 2, t[left], left, biatx);
kmj = k + 1 - jpl;
sum = 0.0;
for (i = 1; i <= jpl; ++i)
sum += biatx[i] * scrtch[i][kmj];
coef[lsofar][kmj] = sum;
}
}
}
*]1 = lsofar;

}

plotpc(plotc, numberstep, dim, k, 1, coefp, breakp, pb)
/* plots a pp-curve;
* plotc 1 : the calculated (points on the) curve is (are)
* given to a display.
* plotc 2 : the points are put on a file.
* numberstep : steps per interval.
* pb : values of the left endpoints of intervals to be skippec
*/
double coefp[DIMP][MAXP][KP], breakp[MAXP], pb[MAXP];
int plotc, numberstep, dim, k, 1;
{ double parpp[DIMP], h, dh;
int i, j, m, jj, tt;
if (plotc == 1 && dim != 2)
{ fprintf(fd, "\nplotting only if dim = 2\n");

return;

}

if (plotc == 2)

{ fprintf(fd, "\n t");
for (i = 1; i <= dim; ++i)
fprintf(£fd, " pzald(t)", 1i);
fprintf(£fd, "\n\n");

}

tt = 1;

for (i = 1; i <= 1; ++i)
if (breakp[i] pb[tt]) +Htt;

else
{ dh = (breakp[i+l] - breakp[i]) / numberstep;
h = 0.0;

numberstep; ++jj)
dim; ++3)

for (jj = 0; jj <
{ for (j=1; j <
{ parpp[j] = 0.0;
for (m = k; m >= 1; --m)
parpp[j] = (parpp[j] / m) * h + coefp[j][i][m];

if (plotec == 1)

line(parpp[l], parpp(2]) ;

else if (plotc == 2)

{ fprintf(fd, " %10.6f", breakp[i] + h);
for (j=1; j <= dim; +j)
fprintf(fd, " 7%10.6f", parpp[j]);
fprintf(£fd, "\n");

h += dh;




}

‘or (i = 1; i < DIMP; ++i)
oefp[i][1+1][1] = parpp[i];

tdp(rscale, p, n, cyc)
plots the datapoint-markers (little crosses) of a pp—curve;
rscale : scale factors.

ble p[MAXP][DIMP], rscale[DIMP];
n, cyc;

nt i
ouble dpx, dpy, pl, p2;

px = 2.0 / (rscale[l] * 200);
py = 2.0 / (rscale[2] * 200);
f (cyc == 2) ++n;

or (i = 1; i <= n; ++i)

£ (p[i][0] == 3) ++i;

1se

pl = p[i][1];

p2 = p[i][2];

newpel();

line(pl, p2 - dpy);

line(pl, p2 + dpy);
newpel(); :

line(pl - dpx, p2);

line(pl + dpx, p2);

tkn(rscale, breakp, coefp, 1, cyc, pb)
>lots the knot-markers (little circles) of a pp-curve;
rscale : scale factors.

>le coefp[DIMP][MAXP][KP], breakp[MAXP], rscale[DIMP];
>le pb[MAXP];

1, cyc;

it i, j, tt;

ruble dsx, dsy, px, py, dth;

=1

th = 3.1416 / 8;

sx = 2.0 / rscale[l];

sy = 2.0 / rscale[2];

r (1 =1; i <=1+ 1; +Hi)

" (pb[tt] == breakp[i]) ++tt;

.se

if ((i == 1+1) && (cyc == 1)) return;

px = coefp[l][1i][1];

py = coefp[2][1][1];

newpel();

for (j = 0; j <= 16; ++j)

line(px + dsx*sin(j*dth)/200, py + dsy*cos(j*dth)/200);




721 axes2d(rscale, or, nstr)

722  /* plots axes with origin | scale
723 * rscale[l] and rscale[2]

724 * approximately nstr poin ited on
725 * axes, such that p[i] = and k
726 */

727 int nstr;
728 double or[DIMP], rscale[DI
729 { int 1, j;

730 double w[DIMP], fac;

731 for (i = 1; i < DIMP; ++

732 w[i] = or[i];

733 for (i = 1; i < DIMP; ++

734 { w[i] = 1.0 / (rscale[i

735 j = 0;

736 fac = 1.0;

737 while (fac > w[i])

738 { =—j; fac /= 10; }

739 while (fac < w[i])

740 { ++j; fac *= 10; }

741 newpel(); :

742 w[i] = -1.0 / rscale[i

743 line(w([1l], w[2]);

744 w[0] = w[i] = —w[i];

745 line(w[l], w[2]);

746 while (w[i] > 0.0) w[i

747 wii%2+1]) += 1.0/ * 200
748 for (w[i] = —-w[0] + fa 101 w
749 { newpel();

750 line(w[l], w[2]);

751 wli Z2+1] -=1.0 1] * 1
752 line(w[l], w[2]);

753 wliiZ 2+ 1] += 1.0 1] * 1
754 }

755 w[i] = or[i];

756 }

757 newpel();

758 for (i = 1; i < DIMP; ++

759 w[i] = 1.0 / rscale[i];

760 line(-w[l], =w[2]);

761 line(-w[1l], w[2]);

762 line(w[l], w[2]);

763 line(w([l], =-w[2]);

764 line(—w([1], -w[2]);

765 }




IX B

tine 'plotpf'

his subroutine plots a pp-function. There are three options:

each interval a fixed number (numberstep +1) of ‘points is evaluated:

£.. .-&. E. .-E.
il e il B . _ tep.
(% * Zumberstep ~ » P5(%; * numberstep 1) )» 1=0,...,numberstep

points are put on a file (plotcode 3).

m.

points are given to a display, which draws straight lines between them
otcode 2).

distribution of the points is adapted to the curvature of the func-
n (plotcode 1).

the function is plotted with (not too many) mpoints equidistant on

h interval, then, on places where the function has a strong curvature,

7ill show, that the plotting is donme by drawing little straight lines.
vo parameters are given to the procedure

lev: maximum deviation in slope (in rad):

|atan (P(l)( i+1))—atan (P;l)(xi))l < maxdev,

X 5X, two consecutive abscissae.

i+1
Consequently, the angle between two consecutive lines lies
between -2 maxdev and +2 maxdev, if P§2)(x) # 0 on the inter-
vals corresponding with the lines.

ih: |x. x.I < maxdh.

yose we+;ave reached a point (x P (x )) in the plotting process.
=X, <X, (if X, = E we take dh maxdh). If latan(P( )(x +dh))
an(P(l)(x NIl > maxdev, the value of dh is altered: dh := 1dh,

: dh :— 2dh

n we look at the angle. If the >-sign changes into <, a line is drawn
reen (x P (x )) and (x1+1,P (x1+1)), X1 = xi+dh.

‘he <—31gn changes into >, a line is drawn between (Xi’Pj(Xi)) and
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(x )), X,

i+l i+l
is no change of sign, the halving or doubling of dh continu

=x; + idh.

e sign changes.

e, provisions are made in case dh > maxdh, or xi+dh > gj+1.

is drawn by this procedure. The numbers of steps per
al turned out to be: 139, 37, 75, 51, 46, 51 and 96
0.1, maxdev = 0.05).

lotcode, numberstep, maxdh, maxdev, k, 1, coef, breakp)
a pp-function.
t k, 1, coef and breakp : the pp-representation
of the function.
numberstep : steps per interval (only used if
plotcode = 2 or plotcode = 3).
maxdh : maximum step-width (only used if plotcode = 1).
maxdev : maximum value of the angle (in rad) between
the slopes of the curve at two consecutive points
(only used if plotcode = 1).
plotcode = 3 : (numberstep + 1) equidistant points per
interval are evaluated and put on a file.
plotcode = 2 : idem, the points are given to a display
(which draws straight lines between them).
plotcode = 1 : the distances between the points depend

on the curvature of the function. The points are
given to a display.

» plotcode, numberstep;
axdh, maxdev, coef[MAXP][KP], breakp[MAXP];
i, pc, a, nl, m;

h, dh, ppx, ppf, ppfa, darc, darcn, darct;
otcode == 1)

=1; i <= 1; ++i)

0.0; dh = maxdh; pc = 2; a = 0

0;

= coef[i][1];

= atan(coef[i][2]);

21();

(breakp[i], ppf);

e (breakp[i] + h < breakp[i+l])

(a++ > 1000)

fprintf(fd, "\n while in loop\n"); return; }
fa = 0.0;

£ (3=k; j>= 25 ——3)

fa = (ppfa / (3-1)) * (h + dh) + coef[i][]];
rcn = atan(ppfa);

(((darcn>darc)? (darcn-darc) : (darc-darcn)) > maxdev)
ih /= 2;

if (pc == 0)
{ h += dh;
ppf = 0.0;

for (j=%k; j>=1; =-=3)
ppf = (ppf / 3) * h + coef[i][]];
darc = darct;
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}

pc = 2;
~ line(breakp[i] + h, prf);
++nl;
}
else pc = 1;
}
else
{ if (pc==1 || dh>=maxdh || break

{ if (breakp[i] + h + dh >= bre
h = breakp[i+l] - breakp[i];

else
h += dh;
ppf = 0.0;

for (3 =k; j >=1; —-3)

ppf = (ppf / j) * h + coef[i]
darc = darcn;

line(breakp[i] + h, ppf);

++nl;
pc = 2;
}
else
{ pc = 0;
if (dh < maxdh) dh *= 2;
}
}
darct = darcn;
}
fprintf(£fd, " %24d\n", nl);
else

for (i = 1; i <= 1; ++i)
{ dh = (breakp[i+l] - breakp[i]) / nu
h = 0.0;
if (plotcode == 2) newpel();
for (m = 0; m <= numberstep; +m)
{ ppf = 0.0;
for (j = k; j>=1; -3
ppf = (ppf / 3) * h + coef[i][]];
PPX breakp[i] + h;
if (plotcode == 2)
line(ppx, ppf);
else if (plotcode == 3)
fprintf(fd, "\n %10.6f  %10.6f",
h += dh;
}
}
coef[1+1][1] = ppf;

r+dh>=t
-1])

ep;

ppf);




AYPENDIX C

cubspl(tau, c, n)
/* cubic spline interpolation.
* input: tau[i], 1 <= i <= n, the knots,
* (tau[i], c[i][1]), the given points,
* n, number of points (n >= 3).
* output: c[i][2], c[i][3] and c[i][4], 1 <= i <= n-1,
the values of the first, second and third
derivatives at the left end points.
for tau[i] <= x <= tau[i+l] we have
£(x) (= p[i](x)) = c[i][1] + (x - tau[i]) * c[i][2] -
+ 1/2 * (x - tau[i])"2 * c[i][3] +
+ 1/6 * (x - tau[i])"3 * c[i][4].
* the not—a-knot boundary condition is being used.
*/
int n;
double tau[MAXP], c[MAXP][KP];
{ int 1, m;
double g, dtau, divdf3, divdfl;
1= n"1; -
for (m = 2; m <= n; +m)
{ ¢[m][3] = tau[m] - tau[m-1];
} c[m][4] = (c[m][1] = c[m-1][1]) / c[m][3];
/* calculation of the diagonal- (c[m][4]), next-to-diagonal-
* (¢[m][3]) and right-elements (c[m][2]) together with the
* forward step of the Gauss-elimination.
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*/
c[1][4] = c[3][3];
c[1][3] = c[2][3] + c[3][3];

c[1][2] = (c[2][3] + 2 * c[1][3]) * c[2][4] * c[3][3];
c[1][2] += c[2][3] * c[2][3] * c[3][4];
c[1]1[2] /= c[1][31];
for (m = 2; m <= 1; +m)
{ 8= (-c[w+1][3]) / c[m-1][4];
c[m][2] = g * c[m1][2];
c[m][2] += 3*(c[m][3] * c[mtl][4] + c[mF1][3] * c[m][4]);
c[m][4] = g * c[m1][3] + 2 * (c[m][3] + c[mF1][3]);
}
g = c[n-1][3] + c¢[n][3];
c[n][2] = (c[n][3] + 2 * g) * c[n][4] * c[n-1][3];
c[n][2] += c[n][3] * c[n][3] * (c[n-1][1] - c[n-2][11]);
c[n][2] /= c[n-1][3] * g;
/* c[n-1][4] was already overwritten */
c[n][4] = c[n-1][3];
g = (-g) / c[n-1][4];
c[n][4] = g * c[n-1][3] + c[n][4];
; c[n][2] = (g * c[n-1][2] + c[n][2]) / c[n][4];

~— e v o~ e et T e




completion Gauss-elimination */

>x (m=1; m >= 1; --m)

[m][2] = (c[m][2] = c[m][3] * c[mtl]
talculation of the functionvalues of
derivatives in the left endpoints

>r (m = 2; m <= n; +m)
dtau = c[m][3];

divdfl = (c[m][1l] - e¢[m-1][1]) / dt

divdf3 = c[m-1][2] + c[m][2] - 2 *
c[m-1][3] = 2 * (divdfl - c[m-1][2]
clm-1][4] =

(divdf3 / dtau) * 6.0 /

475
and th

dtau;




APPENDIX D

locadp(x, fx, adapcode, t, n, k, bcoef, q, tau, gtau)
/* calls interv solsys valuex */
/* adapts (a b-representation of) a pp—function to a new
* function value.
* input : (x, fX) : new point.
* t, n, k and bcoef : b-representation of the
pp—function.
q : the condensed b-matrix.
(tau[i], gtau[i]) : the underlying datapoints.
adapcode : adaption—code.
adapcode = 0 : x = tau[j] and the other
datapoints are kept unchanged (if adapcode =
and x != tau[j], “locadp” will protest).
adapcode = -1 : two consecutive b-coefficients
change.
adapcode >= 1 : (k-2+adapcode) consecutive
b-coefficients change.
* (see for a description: “the b-representation of piecewise
* polynomial parametric curves and local adaption”, ch. 2.2)
*/ ‘
double x, fx, t[MAXP], q[MAXP][KPKM1P], bcoef[MAXP];
double tau[MAXP], gtau[MAXP];
int n, k, adapcode;
{ int i, left, taui, right;
double bsplc[MAXP], der, derpr, diff, bval, bvalpr;
double valuex();
interv(t, n, x, &left);
if (x < t[k] || x> t[ntl])
{ printf("\n(%£f, %f) not in interval”, x, fx);
printf (" [%Zf, %Zf]\n", t[k], t[n+l]);
return;
}
if (adapcode == 0)
{ interv(tau, n, x, &taui);

* % Ok N % N ¥ ¥ ¥ * *

if (x != tau[taui])

{ printf("\nadapcode = 0 en x != tau[i]\n");
return;

}

gtau[taui] = fx;
for (i = 1; 1 <= n; +Hi)
bcoef[i] = gtau[i];
solsys(q, k, n, bcoef);
} v
else if (adapcode == -1)
{ for (i =1; i <= n; ++i)
bsplec[i] = 0.0;
for (i = left-k+l; i <= left; ++i)
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{ bsplc[i] = 1.0;
* der = valuex(t, bsplec, n, k, x, 1);
if (der > 0.0) break;
derpr = der;
bsplc[i] = 0.0;

}
diff = fx - valuex(t, bcoef, n, k, x, 0);
bval = valuex(t, bsple, n, k, x, 0);

bsplc[i] = 0.0;
bsple[i-1] = 1.0;
bvalpr = valuex(t, bsple, n, k, x, 0);
rintf("\n Z%Zf Zf Zf %f \n", bval, bvalpr,
if (der < derpr) )
{ diff /= (bval - (der / derpr) * bvalpr);
bcoef[i-1] -= diff * (der / derpr);
bcoef[i] += diff;

else
{ diff /= (bvalpr - (derpr / der) * bval);
bcoef[i-1] += diff;
bcoef[i] —= diff * (derpr / der);
}
for (left = 1; tau[left] <= t[i-1]; ++left);
for (right = n; tau[right] >= t[i+k]; --right);
for (i = left; i <= right; ++i)
gtau[i] = valuex(t, bcoef, n, k, tau[i], 0);

1se
diff = fx - valuex(t, bcoef, n, k, x, 0);
if (x == t[left] && adapcode > 1) —--left;
i = left;
adapcode -= 2;
left = left - k + 1 - (adapcode / 2);
left (left < 1) 21 : left;
right = i + adapcode - (adapcode / 2);
right = (right > n) ? n : right;
for (i = left; i <= right; ++i)
bcoef[i] += diff;
for (i = 1; tau[i] <= t[left]; ++i);
left = i;
for (i = n; tau[i] >= t[right+k]; —--1i);
right = i;
for (i = left; i <= right; ++i)
gtau[i] = valuex(t, bcoef, n, k, tau[i], 0);




APPENDIX E

int ludecy(ql, q2, k, n)

/* lu-decomposition without pivoting of an n x n t x, whi
* is banded (bandwidth 2k-1) in the first n~k+l r .ondens
* in ql); the last k-1 rows are stored in q2.

*/

double ql[MAXP][KPKM1P], q2[K][MAXP];

int k, nj; .

{ int kpl, kml, nmkpl, i, ipkml, ipl, m, j, jj, 1, pnmkpl

double pivot;

kpl = k + 1;

kml = k - 1;

nmkpl = n - k + 1;

for (m = 1; m <= kml && q2[m][1] == 0.0; +m);
/* m kan k zijn */

for (i = 1; i <= nmkpl; ++i)

{1=k;
ipkml = i + k - 1;
ipl =i + 1;

nr = (ipkml <= nmkpl)? ipkml : nmkpl;
if ((pivot = ql[i][k]) == 0.0) return(2);
for (j = ipl; j <= nr; +j)
{1-=1;
if (ql[j][1] != 0.0)
{ ql[31[1] /= pivot;
for (33 = 15 jj <= kml; ++jj)
ql[31[1+33] -= ql[3]1[1] * ql[i][k+3j]];

}

for (j = m; j <= kml; ++j)

{ q2[31[4i] /= pivot;
for (jj = ipl, 1 = kpl; jj <= ipkml; ++jj, +
q2[31033] —= q2[3]1[4i] * ql[i][1];

}
for (i = 1; i <= kml; ++i)
{ ipnmkpl = i + nmkpl;
if ((pivot = q2[i][ipnmkpl]) == 0.0) return(2)
ipl =1 + 1;
for (j = ipl; j <= kml; ++j)
if (q2[j][ipnmkpl] != 0.0)
{ q2[j][ipnmkpl] /= pivot;
for (jj = nmkpl + ipl; jj <= n; ++jj)
q2[31[(331 —= q2[j]1[ipnmkpl] * q2[4i][jjl;

}

return(l);
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APPENDIX F

solsyc(ql, q2, k, n, bcoef)
/* solves a system of equations;
* to be used with ludecy;

* the right-values are expected in bcoef, the sol is put
* in bcoef again.
*/
} double ql[MAXP][KPKMIP], q2[K][MAXP], bcoef[MAXP];
| int k, n;
) { int kml, nmkpl, 1, i, j, ipnmkpl, jmkpipnmkpl, k; «ml;
kml = k-1;
. nmkpl = n - kml;
r kpkml = k + kml;
kpl =k + 1;
) for (i = 2; i <= nmkpl; ++i)
) {1=(k>1i) ? (kpl - i) : 1;
' for (j = 1; j <= kml; +j)

‘ if (ql[i][]j] != 0.0)
' bcoef[i] -= ql[i][j] * bcoef[ j~k+i];
}

for (i = 1; i <= kml; +i)
{ ipnmkpl = i + nmkpl;
if (q2[i][1] == 0.0)
for (j =1; j <= kml; ++j)
{ jmkpipnmkpl = ipnmkpl - k + j;
if (q2[i][ jmkpipnmkpl] != 0.0)
bcoef[ipnmkpl] -= q2[i][ jmkpipnmkpl] * beoef| mnmkpl];

else
for (j = 1; j < ipnmkpl; ++j)
bcoef[ipnmkpl] -= q2[i][j] * becoef[j];
}
for (1 = kml; i >= 1; --1)
{ ipnmkpl = i + nmkpl;
for (j = n; j > ipnmkpl; -—3j)
1f (q2[1][] != 0.0) beoef[ipnmkpl] —= q2[1][3] ef[ 313
bcoef[ipnmkpl] /= q2[i][ipnmkpl];

for (i = nmkpl; 1 >= 1; --1i)

{ for (j = kpkml; j >= kpl; --3j)
if (ql[i][j] !'= 0.0) becoef[i] -= ql[i][3j] * bco -k];
bcoef[i] /= ql[i][k];




APPENDIX G

double valuex(t, bcoef, n, k, x, jderiv)

/* calls interv */

/* returns the value at x of the jderiv-th ‘derivat
* the pp—function with

* order k,

* knot sequence t[i], 1 <= i <= ntk,

* b-coefficients bcoef[j], 1 <= j <= n.
*/

double t[MAXP], bcoef[MAXP], x;
int n, k, jderiv;
{ double d1[KP], dr[KP], aj[KP];
int kml, jemin, imk, i, j, jemax, nmi, jc, kmj,
if (jderiv >= k) return(0.0);
if (interv(t, ntk, x, &i) != 0) return(0.0);
kml = k-1;
if (kml == 0) return(bcoef[i]);
jemin = 1;
imk = i-k;
if (imk >= 0)
for (j =1; j <= kml; +j)
dl[j] = x - t[i+l-j];
else
{ jemin = 1 -imk;
for (j=1; j <= 1i; ++j)
dl[j] = x - t[i+tl-]];
for (j = 1i; j <= kml; ++j)
{ aj[k-3] = 0.0;
dl[j] = d1[i];

}
jemax = k;
nmi = n - i3
if (nmi >= 0)
for ( §j=1; j <= kml; + j)
dr[j] = t[i+]j] - x;
else
{ jemax = k + nmi;
for (j =1; j <= jcmax; ++j)
dr[j] = t[it]j] - x;
for (j = jemax; j <= kml; ++j)
{ aj[ 1] = 0.0;
dr[j] = dr[jcmax];
}
}
for (jc = jemin; je <= jemax; ++jc)
ajljc] = becoef[imk+jc];
for (j = 1; j <= jderiv; ++j)
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{ kmj = ilo = k-j;
~for (3j = 1; 3jj <= kmj;
{ ajl3iil = ((ajl3i+1] -
ilo -= 1;
}
}
for (j = jderiv + 1; j <=
{ kmj = ilo = k - j;
for (jj = 1; jj <= kmj;
{ ajl33] = ajlii+l] * <
aj[jil /= (dil[ilo] +
ilo == 1;
}
}

return(aj[l]);

)
i1) / (d1[ilc

+3)
)
| +aj[jj] *

DH

) * km;
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APPENDIX H

int interv(xt, 1lxt, x, left)

/* input: xt[i], xt[i] <= xt[i+l], 1 <= i <= 1xt.
* returns -1, if x < xt[l],

* 0, if xt[l] <= x <= xt[1lxt] and

* 1, if x >= xt[1xt].

* computes in an economic way *left, such that
*  xt[*left] <= x < xt[*left+l], if

*  xt[l] <= x < xt[1xt].

*/

int *left, 1xt;
double xt[MAXP], x;
{ static int ilo;

int ihi, istep, middle;

if (ilo == 0) ilo = 1;

ihi = ilo + 1;

if (ihi >= 1xt)

{ if (x >= xt[1xt]) { *left = 1xt; return(l); }
if (1xt <= 1) { *left = 1; return(-1); }
ilo 1xt-1;
ihi 1xt;

}
if (x < xt[ihi] && x >= xt[ilo])
{ *left = ilo; return(0); }
else if (x < xt[ilo])
{ istep = 1;
do
{ ihi = ilo;
ilo = ihi - istep;
if (ilo <= 1)
{ 110 = 1;
if (x < xt[1]) { *left =1; return(-1); }

istep += istep;

}
while (x < xt[ilo]);
}
else
{ istep = 1;
do
{ ilo = ihi;
ihi = ilo + istep;
if (ihi >= 1xt)
{ ihi = 1xt; »
if (x >= xt[1xt]) { *left = 1xt; return(l);
}

istep += istep;

}
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